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TWO-DIIiENSIONAL  WAVES  GENERATED  BY  A  SURFACE  PRESSURE 
DISTURBANCE  OVER  A  SLOPING  BEACH 
By  M.  C.  Shen 

Abstract:   Two- Jimensional  water  waves  generated  by  a  prescri- 
bed ressure  disturbance  on  the  ecuilibriura  surface  of  a  uni- 
formly slo  -ing  beach  is  stuJiej  by  means  of  the  Laplace  trans.- 
form  technxcue  ayolied  to  the  ef uations  of  the  linear  theory. 
Both  transient  and  steady  problems  are  considered,  and  in  each 
case  the  ^iroblera  reduces  to  solving  an  inhomogeneous  c-difr-  • 
ference  equation.   The  arbitrary  constants  in  the  solutions  of 
the  transient  and  the  steady-state  'roblem  are  determined  by 
respectively  imposing  a  b-^unde-iness  condition  and  a  radiation 
condition  at  infinity.   The  exam  ,le  of  an  oscillatory  oint 

ressure  acting  on  the  eruilibriura  surface  of  a  '+5   beach  is 
v;orke;,  out  in  uetail.   It  seems  easier  to  derive  the  steady- 
state  solution  from  the  transient  problem  than  to  finJ  it  di- 
rectly. 
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V'H     I 


1.   Introduction 

The  steady-state  ^.roblein  for  waves  travelling  over  a  slop- 
ins  beach  free  from  a  '-ressure  disturbance  has  long  been  solved 
by  Isaacson  [l],  Peters  [c]  ,    [j];    and  Roseau  ['4],  [5]  fo^'  gene- 
ral beach  angles,  using  the  linear  theory  of  water  waves.   Re- 
cently the  beach  problem  for  the  case  of  >rosressive  waves  was 
also  solved  anevi   by  Lauv;erier  [6].   An  interesting  account  of 
the  history  and  late  develo, ments  of  the  sloping  beach  problem 
can  be  found  in  the  v/ell-lxiown  book  "V/ater  Waves"  by  Stoker  [  j]  . 
However;,  the  steady-state  beach  problem  of  two-dimensional  waves 
let  alone  the  three-dimensional  ones,  due  to  a  _ ressure  distur- 
bance on  the  ec  uilibriiu'a  surfaceseeras  still  not  v/ell  explored, 
(See  [0])  to  say  nothing  of  the  transient  ;roblem.   In  fact,  the 
transient  problem  is  not  as  difficult  to  handle  as  it  vroula 
seem  to  be.   One  basic  method  suffices  for  the  solutionof  both 
problems.   In  each  case,  the  method  by  Peters  [,/]  will  be  fol- 
lox;ed  to  reJuce  the  equations  to  a  single  inhoraogeneous  c-dif- 
ference  ecuation.   Use  is  made  of  the  solution  for  the  homoge- 
neous ecjuetion  already  constructed  in  [Z]  ,    and  the  solution  for 
the  inliomogeneous  ecuation  can  be  found  by  means  of  the  Plemelj 
formulas  [>•],  as  first  used  by  Peters  in  the  .rogressive  wave 
^^roblem.  The  solution  for  the  transient  .roblem,  in  principle, 
may  be  derived  from  a  steady-state  roblem  by  im  osing  a 


bouiideJness  condition  at  infinity.  ~   The  inain  difficulty^  of 
course,  lies  in  the  inversion  of  the  La  ^lace  transform  X'rith 
res_ect  to  time  t.   The  way  to  solve  the  steady-state  .roblem 
is  I  uite  straight forv/ard  theoreticallyj  but  the  deterrain^tion 
of  two  arbitrary  constants  a  -earins  in  the  solution;,  by  use  of 
the  so-called  radiation  condition,  recuires  an  involved  calcu- 
lation. 

In  SeC.2  v;e  shall  formulate  the  transient  jroblera  in  a 
general  setting  and  investigate  in  Sec.  5  the  c-difference 
equation  derived  in  Sec- 2-   In  Sec .^  we  shall  consider  the  ex- 
ample of  an  oscillatory  _.oint  pressure  acting  on  the  e^  uilibriujv; 
surface  of  a   '^3   beach.   The  steady-state  ■roblem  of  the  above 
example  v/ill  be  examined  in  Sec .  5  for  general  be^ch  angles,  and 
the  special  case  of  a   '45   beach  x\fill  be  discussed  in  detail 
in  6.  We  shall  see  later  that  it  is  really  a  little  easier  to 
derive  the  steady-state  solution  frohi  the  transient  problem  as 
Professor  Stoker  asserted  [;']• 

2.   Formulation 


Based  upon  the  linear  theory,  the  governing  equations  for  the 
potential  function  5(x,y,t)  of  two-dimensional  iwat el- v^aves  over 


^    It  is  interesting  to  see  that  the  same  situation  for 
the  transient  problem  also  a>jears  in  other  fields. 
c.f.  y.SJ,     [10] . 


a  uniformly  slo  in^  beach  arcj  f o;.   t  >  0^  0  <  r  <   --^j,  0  <  7  <_  tt 
•  E...  -'-  Iv-.'  "0,  0  ■<  e  <  7  ^ 


1=0,  G  =  -y 


subject  to  initial  conditions^ 


(:.r) 


4i(x,C,0)   =  f^(::). 


x-mere   (-i^y)   rncl   (r;&)   are  res^^.ectivel;^"  the  Csrtesian  end 

olsr  ccordinetcs  (Fi:-^.  l)   t  is  the  ti:.ie>  j  the  grc-vitationa; 
constant,  p   tlie  density,     tiie  ressure,   n  the  noruiol 
direct^-on  at  0  -  -.y       and   7   the  beach  angle.   We  assuiue 
that  1:   is  a  _  rescribed  function  of  x  and  t  and  that  J 
and  p...   ossess  La  , lace  transforjus  v/ith  res  ect  to  x  and   t. 
We  first  a.oly  the  La, lace  transforin  v:ith  res  ect  to  t 


and  let 


^■3 

t     =    je~^     5(::,y,t)at, 


s    >   €3_   >   0. 


'V 


^t      "    Je~^'^   p,(x,t)clt. 


It   is   obtained   from  (2.1)    and   (2.2)    that 


r\j  1%/ 


■^       -I-  "^         =0, 
s'^i^  +  o;T        =     s?(::,0,0)    -i-  "^  {x,0,0)    -   1  p.  , 

-y  -t;  -    t 

$        =      0. 

We  introduce  tvio   new  independent  variables  x',y'  such  that 


and  the  above  ecuations  become 


^•'x'x'  ■'   ^y'y.   =  C 


'V      /\, 


(2.3)      i  +  iy,   =  F(x',s) 


^n-   =  0   • 


where 


F(x',s)   =  1  5(x,0,0)  -t-llF.  (x,0,0)  -   1  p^  . 

s  ps 

The  v;hole  ^.ro'olem  is  nov/  reduced  to  solvins  the  Jjaplace 
equation  for  a  sector  with  inhomogeneous  mixed  condition  on  one 
boundary  and  zero  normal  derivative  on  the  other.   The  method 
to  find  a  solution  for  {2.j)    is  motivated  by  what  has  been  done 
for  the  case  of  a  _  rogressive  vjave  over  a  sloping  beach  [>]  .   Let 

x'  +  iy'  =  r'(cos  0  -:-  i  sin  e  )  . 


(l){r',6'.s)   =  ^(x'^y'.s). 


F(r',s)   =  F(x',s) 


Using  r'j©   as  independent  variables,  we  have  from  (2o) 


(r')^(|)^,^,  +  r'i^.,  +  igg   =  0, 


6 


(?.'4)  r'<l)  +  i        =     r'F(r',s),  6     =     0 


^Q      =     0    .  e      =     -    y  , 


Now  X'/e   a^v^ily  La_>lace   transforiii  to   (2.4)    v.ath  resject   to     r' .    Let 


,*  r    _T^r'  "^ 


(J)        =      /    e  (i)(r',e,s)cir', 

o 

F        -      /    e   ^^      F(r',s)dr', 
o 

and  it  is  ohtained  from  (2.4)  that 


T  >  f;.,  >  0, 


T'^i^^  +   3Ti   +   jj)   +  (j)^    =   0, 


<t),^  -  ^Q   =  F^  ,  e   =  0 


^Q=0,  9   =  -  7   . 

By  introducing  tv/o  nev;  variables  ^?  =  V(p^0)   and  o     such 
that 


*  :9^v 


f      =   -e^7  , 


T  =  e"^. 


we  obtain  from  the  above  eouations 


PD        00         ' 


(2.5)   ^   -  e~^''^a   +  "^  =  -F  e  -%  e  =  0, 

0       t)  P 


Yq  =  0,  e     =     -  y   , 


where 


F(r,s)   =  F^'It.s)^^^ 


Since  Y(p,0)   is  a  solution  of  the  tuo-diinensional  La_;lace  equa- 
tion defined  in  a  strip,  we  assuine  that  there  exists  an  analytic 
fimction  f(x/)   svich  that 


w 


Re 


\    f(w)  \  , 


where  \i     =     ^.  -;-  iG   and   "Re"   stands  for   "the  real  part  of" 
It  follows  that 


Y.^^  =  Re  I  f'(v;)  J-  . 


fg  =  Re  i  if'(w)  j-  . 


^    Sometimes  v;e  shall  write  F(^,)   for  F(p,s). 


8 
From  the  mixed  boun.tary  condition  at  0=0,  x-/e  have 

Re|f' (w)  -:  f(v;)  -  e"^^if'(w)  ]>  =  Re| -F' (vOe'-^j',      6  =  0. 

By  the  princi,  le  of  reflection,  vie   obtain 

f'(w)  -1-  f(v7)  +  e""if'(w)  +  F'(w)e'^"^ 
(2.6) 

=  -f'(w)  -  f(w)  -:-  e"^'^if'(v/)  -  F'(w)e~^'^ 

^^rhere  v;e  assuiiie  that  the  conjugate  of  F(v/),  F( v;) ,  is  ecaial  to 
F(w),  and  T[vi)  denotes  the  function  f(v/)   with  its  coeffi- 
cients replaced  by  tiieir  conjugates.   From  the  boun-Jary  condition 
at  Q  =  -    y,    vie  have 


Re4  if'(v;)  j-  =  0  . 


It^   follov/s   from  the  ^.rinciple   of  reflection  that 

f'(v;-i27)      =     f'(v;)    , 
(£.&)      or, 

f(w-i27)      =     f(v;)    -1-  c^   , 

v/here  c-,   is  an  arbitrary  constant.   By  combining  (2.6)  and 
(2.G),  it  is  found  that 


{2.9)      (e^+i)f(v/)  =  -(e^^^-i)f(w-i2r)--F{w)  +  c^e^V  c^, 

where  c<~   is  also  an  arbitrary  constant.   Svi  ;^jose  that  a  solu- 
tion  of  f(vi)   has  been  found,  x/nichi  satisfies  the  conditions  of 
the  inversion  theorem  of  Laolace  transform,  then 

C-hi33 


2-'ri  c-ioo  ^'^ 


^      '    -'^^^'    -^      [f(-^nT   -iiG)    +  f(-inT   -ie)]dT, 


2iri  Jp  2t 

v/here  v;e  assume  that  the  _..ath  of  integration  of  the  first  inte- 
gral can  be  deformed  to  a  contour  P    symmetric  vjith  resject 
to  the  real  axis  in  the  t-  lane.   It  is  also  assumed  that  the 
contour  integral  for  ^     rem-c.ins  unchanged  as  the  _.athp  exo( -16) 
is  rotated  bach  to  P.   Ko^;  let 


ie 


T  =  l^e-"",  t{-&nO    =  h(0 


v;e  have 


s  z 


^ 


(2.10)     (b  =  -Re   1   /  e  S     1  h(0-'^. 

v;here        z   =  r  exp(iG)     .  In   (2.9),    we   replace     \-i     by  -JJnc, 

and      f(-"n^)      by     h((,),    and   obtain 


.10 
(C-i)h{C)   =   {^-ii)h{,e^^)  +  ?ic,F*(0+  iC;i_  +  ic^C  • 

We  may  set  c-,  =  c^  =  0^,  and  only  consiuer  the  n-difference 
equation 

(2.11)  (s-i)h(J   =   (^  -1  i)li(c,e^"^)  -i-2iF"(c) 

subject  to  the  condition 

(2.12)  Tm    hCiJ  j^  =  0  ,  for  arg  '^      =      y, 

vrhich   is   ecuivalent   to 


Re-i    if'(w)    \     =     Q,         for     0      = 


sj    if'{w) 


) 


if   c   =0.   It  is  shovrn  that  if  an  analytic  function 
h(^)   =  f(w)   satisfyin^i  (2.11)  and  (2.12)  can  "be  found, 
1.      =  Re|  f(v/)  V    will  meet  (2.5)  and  |  given  by  (2.10)  is 
then  a  solution  of  (2.;^).   An  indirect  but  eruivalent  method 
for  the  derivation  of  (2.10)  and  (2.11)  will  be  given  in 
A^jpenJix  I.   In  the  a,:  roach  there,  we  assume  that  both  F(x') 
and  ^  have  a  Laplace  integral  re^.resentation.   Therefore,  v/e 
can  avoid  the  La^.lace  transform  with  respect  to  r'   and  the 
recuirement  that 


^iLO  _>  0,   as  4 


11 

for  the  j.nversion  of  the  Ls^lace  transforia  can  be  dro  'jed. 
Instead,  v/e  must  iuv'ose  the  boundeJness  condition  at  the  oi'igin 
in  order  to  determine  the  solution  unicuely. 

-5  •   Solution  of  the  o-difference  eruation. 

In  this  section  \ie   are  going  to  construct  a  solution  of 
(2.11)  subject  to  the  condition  (2.12),   Let 

h{0      =  h^((Jh.,(c). 

\7here  h-,(L)   satisfies 

(^.1)     (s-i)h-,(J   =  (vii)hi('.e^^^)   . 

Froi.i  (2.11),    we   see   that     h^(', )      satisfies 

(..2)  h.(^e^^^)      =     h^(U    -      2i^F''(0  . 

TT=iJh-rCT 

The  solution  of  (j3.l)  v:hich  meets  (2.1?)  can  be  obtained  from 
the  solution  for    1     ,    satisfying 

(c,-i)h^  (.e^^^)   =  (-:-i)h-^(0. 

The  above  ecuation  is  the  saiae  as  the  basic  functional  relation 
foun-.  in  [?],  and  the  solution  is 


12 


for  -  ir,/2  ^  arg  c^  j^  Tr/2  .  As  l,  — >  »,  h~  (J  — >  1  and  as 
(^  — >  0,  hlj"  (l,)  — >  -iC  .  Furthermoi-e,  h^  (;)  is  analj'-tic 
in  -Tr/2  <  arg  C  *=  '""/2  +  2  7?  and  has  sin/;le  joles  at  (^  =  -i, 
j;^  ie-i'^^'^7  n  =  1,2,...    .      Therefore, 

TO  I  „ 

(3o)   h,(0    =     <^     exi    1    r^n(    ^^^^^fT    "I ^   "^^  ^^    I"' 

and  the  behavior  of  h-,(C)   can  "be  deduced  directly  from 
that  of     h""^  (C)  •   Since   h^"^  (C)   satisfies  the 
condition  Re|  h^  C^)  |-  =  0  at  arg  '^  =  >,  so  does  h-j^(',). 

If  v/e  let 

then  from  (j;.l), 

{  ^-i-i)H3_(  se^^^  )   -   (  s-ie^-^^'')H^(  C  )  • 


It  is  easily  shovm  i"5]  that  as   7  =   tt   ,  in  =  jositive 

2..1 
integers i 

^        i2c'r> 


.  m 


which  is  analytic  and  single-valued  in  the  whole  c,-plane 


.V— 


13 

except  having  a  pole  at   l,  =  0. 

Since  h,  (i^)   has  been  found,  it  is  not  difficult  to  find 
a  solution  for   h^J^,).   In  Appendix  II,  ive  shall  show  that  the 
follov/ing  inte^^ral  representation,  for  0  <_  arg  .^  <_  27  , 

DO 

furnishes  a  particular  solution  for  hp(C)>  xvhich  also  satisfies 

(2.12).   The  analj'-tical  continuation  of  h,-  (O   beyond  the 

t"P 

sector  can  be  achieved  by  shifting  the  _.ath  of  integration  or 
using  (2.11).   The  general  solution  for  hp(c,)   is 


h^(0   =  h..  (<J  +  h  ( J, 


where  h  f-^)   is  a  solution  of 


h^(C)   =  h^((.ei^7) 


As  shovrn  in  [5]>   h  (s)   has  the  only  solution 


o 


h  ( J   =  ix/^'""/^  ,  p  =0,  +1,  ^:  ?,..., 


v/here  m.  are  real  constants.   Hov/ever,  by  the  reouireiaent  of 

the  inversion  theorein  of  Laplace  transformj  h(  l,)   must  tend  to 

C 
zero  as   s  — ^  =°  snd  consequently  we  must  set  m-  =  0  for 


=  1,2,....   From  (2.10),  we  have 


Ik 

(^.6)      (f  =     -Re     1      /eS         i  h,(U(h^   (t.)   +  h^(U)dC 


^1/ 1 


The  constants     p.      for      )   =  0,    -1;,    -?. ,  .  .  .    can  be   deteriAined  by 

P 
the  ISotAndedness   condition  at   infinity.      Su^),JOse   that     cj)     satis- 
fies  the   condition  for  the   inversion  theorem  of  La^jlace   trans- 
form,   then 

C+ioo 

i     -     _L_  /  e^^  I  ds,  c    >   0    . 

27ri  ^-i^o 


To  see  hov;  \i     are  determined,  v;e  must  first  investigate 
the  singularities  of  hp(ii^)   and  its  behavior  near   i^  =  0  . 
For  simplicity,  let  us  assume  that  F  (/,)   has  simple  poles  only 
in  Rei,  <  0^  say  at  i^  =  ;,   in  the  upper  half-plane  and  s  =  C 
in  the  loxver  half- .'lane,  and  F  (O)  ^   0  .   From  [l;  .2) ,    we  see 


.,   i2n'.>' 
may  re -lace   c,  by  ._,e~      ^    in  (>.2)  and  obtain 


that  h^(., )   has  sim.jle  oles  at  i-,   =  L,,e        '^  n  =  1,2,...    .   We 


(3.7)    h  (U"^^>')  =lv.(J  +  gjc^e-^^y  F^((.e-^^^) 

It  shov.'s  that  hp(c,)   has  simple  ,;oles  at   t,  =  ti_e     '^j 

n  =  0,1,...  .   We  already  Icnow  that  h,  ( (J   has  sim:.-;le  zeros  at 

t  =  -i,  J;^  ie—     ,  n  =  1,2,...  .   Then  from  (^.2)  and  (v-?) 

h^C:^)   has  simple  poles  at   l,  =  -i,  _^  e^   *    ,    n  =   1,2,...  . 

Hence  the  poles  of  h(  O   =  h,  (L,)hp(C)   in  the  finite  slit 

L,   -   plane  only  come  from  the  contribution  of  F  (C)-   As  C  — >0, 

it  is  found  from  the  solution  for  h^(0   that 


15 


h,p(C)     =    d  +o(c^/^>'"M 


0   <   7   <   Tr/2; 


=      d   -I    OiC^^  ^^&nO 


y  =    Tr/2, 


=    d  -1-  o(c'''^^) 


tt/2   '^     7    ^     ^i' 


where 


dv 


(i;^/"-i)h^(,^") 


=     real 


Assuming  that      z      is   sufficiently  large,    v;e   deform  the    :ath     P 
in   (^.6)    to   a   ^-ath     D      as   shov;n   in  Fig.    c.      As      z  — >  »,    the 
contribution  due   to   the     >oles   of     h^    (u)      vanishes,    and   the  be- 
havior   of     ^     at   infinity  depends  u^on  the  behavior   of 
h-,  ( -^)  (Iv  .  ( L,)    +  h^(L,))    at      c;   =  0.      ¥e   see   that,    as      z  — >  », 


s"z 


^/eS     'lh,_(C)h,^,(OdC 


S     Z     ., 


d 
?Tri 


Te  S     ''I  h,(Odc;   -^   0(1)^  ^ (ifz) 


2,  7r/?7 


anJ 


?7ri  j 


s   z 


^  h^CUh^lUdC 


i6 


By  the  boundeuness  condition  at  infinity^  we  have 


M.   =0   for  p  =  -1,-2,...    and 


^ 


=   -d  . 


The  solution  for  ^     is  given  by 


(>.8)    i  =  -  Re|  2^/e  §   1  h^(  C)  [  h^  ^(  O-d]  d(,  I 

The  integral  given  above  may  not  converge  for  the  ^■Jhole  range 
0  <  Re  z  <  3o  in  the  sector.   For  instance^  if  we  shift  the 
function  f(r',s)   to  the  right  by  a  distance  a   and  let 
f{r',s)  =0  for  r'  <  a.   Then  F  (C)   is  replaced  by 
e   ^F  ('■^).   Therefore,  for  a  conveniently  chosen  path  P,  the 
integral  in  (^.8)  may  only  converge  for  Re  z  >  a .   However, 
the  solution  for   ^  in  Re  z  <  a   can  be  obtained  by  analytic 
continuation  as  shown  by  an  exam  le  in  the  next  section. 

^  •   Transient  .)roblem  of  an  oscillatory  point  pressure  acting 
on  the  ecuilibriuin  surface  of  a  '43  beach 

As  reiaarked  before,  for  7  =   ir/2m,  m  =  positive  integers 


Hi(C)   -  q=0 
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oin+l 


v/hich  is  .analytic  and  single-valued  in  the  whole  C-_jlane  exceot 

that  it  has  a  ijole  at  the  origin.   Because  of  the  sira^. le  form 

of  Ht(l,)   as   7  =  _u_  ,    an  explicit  solution  of  the  ^rotilem 

"  2ra        " 

can  be  obtained  and  the  raani^julations  are  greatly  simplified. 

We  only  consider  below  the  case  m  =  2  as  an  illustration. 

Nevertheless,  the  method  used  here  can  also  be  ax^jlied  to  the 

case  of  any  m. 

Let 


Pt  = 


(j  (x-s  )  sin  v/t, 


which  corresponds  tc  an  oscillatory  -oint  '.ressure  applied  at 
a  distance  x  =  a   from  the  shore  on  the  surface  y  =  0. 
Furthermore,  we  assuiiie  that 


i(0,x,0)   =  (i)^(0,x,0)   =  0 


Then 


F(x',s)   =  -   1    w   ^/  gx'      X 

Ps   s  +w      s 


_w C/,.  I   s'^a 


"^   2,  2  S(^^^'"  —^  ); 

y^    S  -i-W  & 
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where 


S(  -^(x'-^l^))   =  |!j(x'-^) 


It  follovis  that 


s^aC 


w 


PS   s^.-w2 


The  functional  relation  for  hp(i^)   is 


?  ^       (M)hJ{(.) 


where 


h-,(s)   =  _i_H,{0   =  (^-^-Dl^+i) 


ancl  cj)  is  given  by 


c|)  =  -Re 


27;  i  J 


s  z 


^^i^  (^^,,(0  -1  M-o)dC  , 


where 


7/. 


O         —J  -=' "^T- '— ^ ■  /  ^ 

^  o  (^yA-i)h^(C>'/") 


Since  F  (iL,,s)   is  an  entire  function  of  c,,  h^  (c.)   is  analytic 


in  the  finite  c,-jlane  with  a  slit  along  the  negative  real 
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/^-axis.      Assuming  that     x   >   a,    vie  may  deform  the      ath     P     to 
coincide  v/ith  the   tivo  edges   of  the   slit^    and   obtain 

=°        s   z   ^  .  ^. 

('4.2)      (|)  =  -Re_l_/e     «  IXiL—  [i,     (rei^')-h      (re'^^'ldr 

vrhere  by  (^.l), 

as^r 


h^Jre'-^^)    -  h.(re-"')    =  -^^    £^  [    e     ^ 


^  s    +v.'         ^ '^  (r   -rl)(r-il) 

«    2  2 

as  r  .    as  r 

(^.5)      +eS       — ^-i +  e"^     S       _i 

(r^+l)(r-l)  (r'^-l)(r-i) 

2 
-as   ^ 

+  e     ^  p       ]    . 

(r''-l){rhi) 

Substituting   C^.j;)    in   ('+.?),    ive  have 


•^  _    S 


^  -"I— (z-i-a)r        <T   (z-i-ia)r 


~  -,  /     p     J  ~  — \  Zi-a  ;  r 


s  -;w        o 


2  2  2 

-•^(z-ia)r        /^     ^^         -l_(z+a}r         -£_(z-ia)r 

+  le     ^ 


c: 

-~(z-ia)r      > 
+  {l-i)e  °  ]    J>-  . 


-( z-ia)r 


It  is  seen  that  the  only  term  in  the  above  ex^.iression,  vjhich 


diverges  for  Re  z  <  a   is 
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I(z)   .  / 


»  s^ 


-•2-  (z-a)r   , 

f-         dr 

r+i  ' 


e  ^ 


However,  let  2 

n  =  (r+i)  ^  (z-a)  . 

and  g2 

„2       i;;-  (z-a)  +  =0  arg(z-a) 
i|-(z-a)  p^ 
I(z)   =  e  ^       /      1  -T]  ,^ 

J.2     n  ^       ^^    ' 
i-%-(2-a)^ 

The  path  of  integration  for  I(z)   in  the  slit   z-^lane  can  be 
deformed  to  the  path  T^  shown  in  Pig.  '::> ,    and 

s^ 


i-r-  ( z-a)  r° 

n 


I(z)   =  e  S       j  2       i  e-^l  dn 

i|-  (z-a) 


S 

i|-  (z-a)       2 
-e  ^        Ei(-i~  (z-a)),  for  Re  z  >  a . 


The  above  expression,  however,  also  yields  the  analytic  conti- 
nuation of  I(z)   for  Re  z  <  a   in  the  slit  z-plane.   Now  we 

'\, 
can  ex'oress   (j)  in  terras  of  exoonential  integrals, 

^2 

^     =  Re  ^-^^  [(l+i)e  S       Ei(.|_(z+a)) 

•^  (z+ia)      2  ^  (z-ia)      2 

+  e®       Ei(-  |-  (z+ia))  +  ie  S       Ei(  -  f-(z-ia) ) 

|-(z+a)      2         l-(z-a)     .2 
-   ieS      Ei(-  |-i(z+a)  +  e^      Ei(  -  —■  i(  z-a)  ) 

^2 
-  ■£-  (z-ia)      ^2 
+  (l-i)e  ^        Ei(-  |-  i(z-ia))]  , 
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and  making  use  of  the  transform  jalr   [11], 

2 


'"-st.-^.    1/2      -a^t^  ^   ^(  ■    ^\^^^.  '■ict''   „.,    ,      -?  2\ 

e        [rXT/    '    ae  Erf(iat)jdt   =  e  Ei(-1  a     s    ), 


Isrg  a  I    <  T,/'4 


v;e  have,    for     y  <  Oj 


VVg" 


? 


(|)  =  Re        i  sin  wt       *     J    (l+l)    ex.j(-     gt^        )   Erf  ( i  \/gt    ) 


/zTl 


4(z+a) 


Vz+a 


VZ-ria  fc/z-i-ai 


v/z-ia 


^^P(-  Mz!L)    '  Erf(i*!SIl.) 


c:  / 


V  z-ia 


\/iU-a) 


^  ^i(z-ia) 


+  ===     exi:(-   ,.,f\    )  Erf(A    /^        ) 
Vi(z-a)                      ^fTTTI^T-  -^^x(z-a) 

-Z- Z=  exp   -   h  ,1-^.     V    )  Erf(-       ^"^  ) 

V'i(z-ia)  +xC^-ic.^  -  vTTTTiT 


+ 


>- 


where   "*•""   stands  for  the  convolution  with  respect  to  t. 

Let  us  now  consi-ier  the  limiting  case  t  — >  ao  .   Here 
we  make  use  of  the  following  integrals  [12]: 
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i/    e"^''"''^     Erf(iat)    Cos  wt   dt   =     ^  t;'^/^  a"^  e^  (Ei(^)    •:-  iir), 

w 

Te""^^  Erfdot)    sin  wt     dt     =     i  |  tt^^^  a'^e  ^"^   ,    [arg  a|<7rA, 
o 

and  the   steadj'--state   solution  is   found   to  be 
k  =  Re  ^^^\    (1+i)   exp(-  ''\^)m  3l!i|±£l  ) 


+  exp(-  ^^(^-^^^^    )Ei(    ^^(^-^^^^    )    -;-  i   exp(-  Aszial) 
^  g  g  g  ' 


Ei(    ^^(^■•i^^    ) 


{^A) 


.1   exp(-   ^'^^^-^^   Ei(    ^^^(^-^"^    )    -f-  exp{-   '^^^^^-^^   Ei("^^^^-^^ 

^  g  £  g  g 

-,  (i-i)exp(-   iZi|zial  Ei(    iw!(|::lal  )    U  Re  J_  e"^^ 
-j    (14-I)exp(-  H!il±§l   )    +  exp{.  2d(|±ial   )    +  i  exp(-  'Il^2±L  ) 


P(.   iwfi^  ^  ^^,^,(.  iw^U-a)    )    ,.  (i.i)e^p(.iH!l^zl£l)    |>. 


The  expression  in  the  second  brace  of  the  above  solution  can 
be  v/ritten  in  the  form 
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2  V  2 

w  a       ^         P  w  z 

iJ    e^^''^  i(e"  S  +  cos  ^  -  sin  H^  )  [(l+i)e  "  ^  + 

2 

■  V7  Z 

(l-i)e'  e   ]  ^  . 


In  the  following,  we  investigate  the  solution  at  z   =  ^,    0, 

and     a.      First,    if  we   let     z  — >  »,   v\re  see  that 

2  2 

VJ  a  2  2  i(wt  ^^-^) 

(i|.5)      ^_>  Re  %il  (e  S  +  cos  ^  -   sinH^  )e  "s' 

2 
=  v/2-{e'"e~  +  cos  ^  -  sin  h!^  )cos{wt  -  ^  -  ^) 

There  is  the  so-called  radiation  conJition  for  a  steady-state 
solution.   As   z  — >  0,  we  have 

^  _>  ^  sin  wti  e*  S  Ei(  }i_a.  )+  Re  v/2-  e   §    ^ 

2 
2  w  a       o         2 

Ei{-  i^  )  U  I  cos  wt{e'  S  +  cos  4^  -  sin  ^) 
g    V   g  g        s 

=  A  cos{wt  -  e), 
where 


^1 

6  =  a  re  tan  tg—   , 


.  _  V   a      o  '"  2 

B-j_  =  e  ^   Ei(  -—  )  +  \/2   cos(  -—  +  ^)Ci{-^^)  + 

VT"  sin{4^  +  ^)  Si  (  ^  ) 


-— —  T-  -r-y  OJL  V   — — 
g      H-  S 


p 


v;'^  a 

B^   =  1/ ( e  ^  +  cos  w  a  _  sin  w  a)  . 

S         g 

Near  z  =  a  -  io  it  is  easily  seen  from  {^.'i)    that 

^  2 
(j)  — >   1  sin  wt  log(  —•   j  z  -  a  I  )  . 
7,gp  ^ 

3 .   Steady-state  problem  of  an  oscillatory  point  pressure  acting 
on  the  eouili"brJ,um  surface  of  a  slooinf^  beach. 

Let 


p^  =       O(x-a)  sin 


We  assume  that  a  particular  solution  of  J  takes  the  form 


J   =  <t'(x,y)  sin  ^vt. 


Substitution  of  J   in  (2.1)  yields 
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<b   +  (j)    =0,  0  <  r  <  »,   -  7<  ©  <  0, 


w  c[)  +  gc|)^   =   -  1  c>(x-a)    0  <  r  <  =0,       6=0, 


(1)^   =  0,         0<r<x,    e  =  -7 


Let  us  introduce  tv;o  nev;  independent  variables  x  ,  y   such 
that 


*      2  *     2 


In  terms  of  x  ,  y  ,  the  above  ecuations  become 


(i>  -K-  j<.  -I-  (f)  ^t  *   =  0  , 


~     'v  /^    V       2 

^  _  <!,  ,  =  1  d(x*  -  ^  ), 
^    Po       ^ 


i^.-  =  0  . 


VJe  follow  exactly  v;hat  v;e  did  in  Sec. 2  and  Sec. 3  and  obtain 

2 

w  z  ,- 

p  '^ 

v/here  s(0   satisfies 


26 

? 
(5.?)   (C-M)6(s)   =  (.-i)s(/,e^^^)  -  |i^e"  ^ 


(5.3)   laa  G(Ce"''''  )   =  0,   for  L,     real,  positive. 


Let 


iiO  =        &^{0&rjO. 


and 


From  (5-2);'  ^'s  have 


_w  a/. 


(5.*)  s,«)   =  g,(te^-'')   -  ^tt^J^nr 

Since  g-,(C)   satisfies  the  same  ecuations  as  h,  [Q),    the 
solution  for  g-|{t>)   is,  [2] 

(5.5)     S,(J      =    ^      e:cp{    -i|.n(yl^-|_  )  ;5^  d,   f  ' 

7r/2   <   ars   C,  <     ir/2 


As  C  — >  =»,  Si(U  — >  1;  and  as   C  — >  0,  g^(c,)  — >  C^'^'^ - 
Furthermore,  g-j^(c,)is  analytic'  in  Re((;)  >  1  and  has  simple  poles 
at.  t,   =  -i,   ie—  '  =  'C,    ,    n  =  I,?,...  .   A  particular  solution 
g^  ( c, )   of  gp(^)   can  he  founJi  hy  the  same  method  as  we  used 
before.   From  (5  •'-*•)>  we  have 

(5.6)   g  (4)  =  -  _J:_J  I_.,_l. i^J ^_  , 

0  ^  org  C  ^  27, 

v'hich  also  meets  the  condition  (5-?)  as  can  be  easily  verified. 
An  analytical  continuation  of  g^  ( c, )   beyond  the  sector 
0  _<  erg  C,  ^  2  7        can  be  obtained  either  by  (5''-^)  oi'~  by  shifting 
the  /ath  of  j.ntegrati  on  of  (5.6).   It  is  then  obtained  from 
(5.1)  that 


c 

v;  z 


^  =  -^^2?i/^  ^   'K^^^  S2-,(0dC 


P 

In  the  follovring,  v/e  show  that  /  is  bounder  at  infinity.   We 
deform  the  contour  P  to  a  contour  D  as  shov/n  in  Fig.  ?,  and 

2 

w  Z-. 

2 

Vf  z 

-  Re  XI  e  ^  S2o(^n^  7^[  (  C-4^)g.  (  OJ  ,  _  p 
n       ^^     ^n     ^  ^    *=  -  ^n 
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2 

iw  z 


-Re  ie  ^       6^,,(-i)[(4  +  l)sAO].    _     . 


We  can  easily  see  that  as  z  — > 


.  2 

T-W  z 

^  _>  _  Re  ie  S   g   (_!)[( t^  +  i)g  (C)].  _  .  . 

In  order  to  find  a  complete  steady-state  solution  of  (2.1) 
v/e  must  consider  the  steady-state  solutions  of  the  homogeneous 
equations  obtained  from  (2.1)  viith  ,  ^  0  .   It  has  been  fo\md 
in  [?]  that  the  only  solution  of 


^xx   ^yy 


-\i^'^  +   g(t)  =  0, 


^n  =  °  ' 


v;hich  is  boun.ed  at  infinity  and  meets  the  recuirement  that 


&^iO 


^ ^  ^     as   i,  — >  00  takes  the  form 


C 


v/'^z 


<i>     =     -  Re  2^   r    e  S     ^     ^s,_{JdC    , 


v;here     A      is   a   real  constant.  As      z  — >  oo, 

.    2 
__  _   iv;  z 

^  — >  -  Re   iAe       ^       [((,-:-  i)Gii{s)]^^  .^      • 
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Therefore,  the  corn  lete  solution  of  our  .  roblem  will  be 

2 

w  z  I- 

(5.7)  5=  -Re|  sin  wt   /   e^    i  S.  ( i,)[s^  ,( 'J  +  a.  ]  dC 

cos  ''t.     r       a-  ^  A. 


1^/^  eS    !;ggi(C)dC  f. 


where     }..  ,    7^^      are   tv/o  real  constants.      Here   to  determine     A, 
1         cr  1 

and     A^,    vie    irescribe   the   so-called   radiation  condition  at   in- 

c 

finity. 

As      z  — >  =0   , 

i(wt-  v/    ^  ) 
5  — >  Re   C   e  "^ "     .' 

t'/here  C  is  a  com  .lex  constant.   From  the  results  vie   obtained 
before;  vie   fia.;  that  as   z  — >  », 

_  .w__z 
(3.G)  5_>-Re|ie'  ^  [  (  ^  +  i)Gi(  O]  ^=  _i 


[{gr.  (-i)  +  A,)sin  wt  -t-  7>.p  cos  wtV  . 


Since  A,   anJ  A   are  real^  by  the  radiation  condition,  we 
have 

A^  =  -  Re  Sj.^(-i)  , 


A^   -  Ini  g^  (-i) 
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By  introducing  a  new  variable,  t)  =  (^  '"  ^    we  obtain  from  (5  •6) 


that 

2 


v;here  lir))   =  (rj  +  i)  g^(r))  . 

Now  v;e  may  shift  the  path  of  integration  for  gp;-,{C)   to 
arg  C  =  -  ■f/S,  and  obtain 


which  defines  an  analytic  function  for  -  7r/2  jf_  arg  t,  <_  -  Tr/2+2y, 
and  consequently,  as  shown  in  Appendix  II,  is  the  analytic  con- 
tinuation of  gpn^^)   i^  ■  '"'/^  ±   arg  C  ^  -  '''■/S  +  2y  .   The  above 
expression  can  be  rewritten  as 

h       ,    iw^a^rA 


i   /"  11  ^^"exp(-^^g-^n'' "  )dn 


where  from  (5 '5)    and  Plemlj   formula,    for     t)     real. 


(5.8)      K-in)    =  -iTj  exp<i-l>en(    ti-i     t)^  ^Z^"      )    - 

^  n     T^2r/7r-^ 

v;here  "-i,"  stands  for  the  principal  value  of  the  integral.  Hence 


g2p^  ^^  -^  "^^^  g  ^TTTT'^^pg^  i,(-iny/^)(n-i) 
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and 


Re   g.  ii(-i) 


1_  /T  sin[   ^ 


i/  in(  vlli  _vL   )  4v_^ 


'''-    i-     V        \      dv   • 
V  '      V   -1        V   -1 


'^/^^t 


^2  7/7)-   -    1  1/2  2^      r/TT 

3 ]      cos[V-n 


-o         (Ti-i)(n^^^''_  1) 

IT 


09 

-  i/  to( 


''^'^-    ^      "2      ^    ^  ^11-^^ 


V    '  '-     1       V 


TT 


Ag      =     Im  S2p(-i^ 


V        X      dv 


)   ^^] 


'/         V     -1  V    -1 


-  1 

TTpg 


p  _2    A-l  1/2  2      y/TT 

J    ^^f        V      2V/7r      .      ^        sin[^x, 

^         (n-i)(n^^  -1)  ^ 


-^/ 


^n( 
o  V 


2  r.  '^h. 


^/7       ;72T7   '    ,r2_^2r/7r 


•]     • 


V     -1  V    -T] 


As     z  — >  30,   vre   see  that,    from  (5.8)   and   (5.9) 

2 

l(wt-    ^Z)x 

J  — >   .  ReiiI(-i)A      e  ^       r 
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Ap  \/27     e  ^       cos(wt  -  ~x  +  a   )    , 


where 


ao 


<»•  =  1  /  ^n(  -^^75^ ^  )  -^ 


TT^         V  V  -1     V  -1 

We  remark  here  that  the  steady-state  solution  J  found 
here  is  only  valid  for  Re  z  >  a;  however,  we  can  always  find 
an  analytical  continuation  of  J  for  Re  z  <  a .   In  the  next 
section,  vje  shall  consider  the  case  of  a  ^5   beach  and  show 
how  a  solution  for  the  whole  sector  can  be  constructed. 

6.   Steady-state  problem  for  the  case  of  a  ^5'^  beach. 

The  steady-state  solution  for  y  ~     ~     can  be  obtained 
directly  from  the  solution  for  general  angles  given  in  Sec .  5 
However,  we  prefer  to  treat  this  special  case  separately  in 
order  to  compare  what  we  find  v;ith  the  solution  derived  from 
the  transient  problem  in  Sec  .4-.  The  method  developed  hefe  can 
also  be  applied  to  the  cases  of   7  =  -tt—  ,  ra  =  positive  in- 
teger. 

We  recall  that  the  functional  equations  which  g-,{C)  and 
g^ ( C)   satisfy  are 


(6.1)       (C  +  i)  g3_(C)   =  (C  -  i)  gi(i-:e^2^) 
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2    > 


i27v        21C   e       ^ 


(6.2)       s,(0     =    g2(Ce"')   -;sft;i)5,(0   ' 


for  V        =      TT    , 


^2 


as  can  "be  easily  verified.     We  have,    from  {5«7)> 

2 

w   z    » 


cos  vjt   /      „  g  ^  2^  ,oL 


v;here 


"  n2(,-j+i)exp(-4^n)dn 

s>,  . , 


•      o  'I      ~   s 

0  <   arg   C  Jl  2  7  . 

We  deform     P     to  a  path  as   shown  in  Fig.   h,    and 

2 

en  W     Z 

(6.5)     i     =  -  Re^sin  wt[   ^j      e     S     ^_-j.^Z_^.g^^^(re^^) 


gg   (re'^'^)]dr 


2  2 

Iw  z  w  z 

.  2  2 

IW  Z  X'J  z 

+  2A^]  j^+  COS  wt[e  ^    (1-1)   A^  +  e"  ^   (i+i)  a^]  ^  . 


From  (6.2),  (6.4),  we  find  that 

2  .    2 

VJ  a   ^  iw  a  ^ 

g2p('rei^)    -  g2p(re-"")-     =  ^  [e     ^        (r+i)    +  e       ^  (^.i) 

.    2  2 

iw  a  ^  w_a  ^ 

+  e  ^  (r+i)   +  e  ^         (r-l)]    . 

2  .2 

v;  a  iw  a 

(6.6)      S2p(e"^'^)    +  gso^^"^""^    =  2g2p(l)    +  21    (2e  ^     +  (i_i)e     S 

xv;  a 
g 


-    (1+1)    e     *^      )    . 


gp„(-i)      =     gp.Jl)    +  2(1-1) 

^P  ^^'  pg 


.    2 

ii'j  a. 

e     ^ 


2  2 

v;  a  =0     ^  w  a 


L-   r    'n'^(T1+l)    exp('"" 
■pG  J  7~-l 


=     -   21    "     g  '4       /      11^(11+1)    exp(      s       ')uri 


^M. 


e      ^      -  rr^J        '    ^   '"-^    iT^^^^^ ^ '-'^-^  + 

o 


pg  Ti'pGo  7^ 


2(1-1)        iv/^a 

pg  g 

e 


Therefore, 
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X^   =  -Re  gp,,(-i) 

TTPS  J 


"  n2(Ti+i)exp(-  ^  Tl)dTl 


^r^ 


—--(cos  — 1-  sm  ———J  • 

.g      S        g 


7^2   =  Ira  S2p(-l) 


2 
w-  a        p         o 

4,(.e""s  .  cos  V-+  sin  4^)  . 
g             g        g 


As   2  — >  00,  we  easily  see  that 

2  2 

J  _>  Ee(<I#  (e~~  +  cos  4^  -  sin  nfa,  -<"*— ->J 

-*^  Pg  g  g  * 

which  is  exactly  the  same  as  {h  .^) .      It  is  also  found  from  (6.5) 
and  {6.6)    that 

I  =  .ReJlin^jl-l^[(l+i)ex:.{-  ^(z+a)r)  + 

2  2 

exp(-  ~-(z+ai)r)  +  i  exp(-  ~r-(z-ai)r)]  +— — r-[-i  exp 
g  g  i  1 

2  2  2 

(-  ^(z+0)r)  +  ex.:(-  il-(E+a)r)  +  (l-i)exp(^(  z-ia)r)]  dr 

O  C>  CD 

2       2  2 

^  / , ,+  w  ^  \    w  z  w  a 

2     2^  ^        2    L^Spp^i;  +  pg  v^  e 

.2  .2 

iw  a        iw  a 


+  (l-i)e  ^   -(l-i-i)e  ^  )  -1-  A.,) sin  wt  -i-  A^  cos  wt] 
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Noting  that 


\   -^S2p^l)    = 


2 

-v/   a 

2i  e  ~S- 


2    (cos  \<i  a  +  sin  w  a)    , 
pS  g  S 


and 


/ 


-z 


00  exp(ie)-z 


e"^  ,      =  -  Ei(z)    -   iir. 


le|    <  Tr/2    . 


We  finally  obtain,  for  Re  z  >  a. 


?  =  Re 


sin  \!t 
"PS 


T 


(1  +  i)exp(-  v;^U+a.))g.^w^(z+a)) 


2/  _  ,_.  .s     .  2,_  .  .  ,x  _  2/_  _.  _  ^     .2, 


+  exp(-  w  (z;:-ia))e.(W  (z+ia))^.  ^^.p(.  w  (z-ia))g.(W  (z-ia)) 


•  2, 


,2, 


.i  exp(-  iw  (z+a))g.^iw  (z+a))  ^  ^^p(_  iw  (z-a))g.^iw  ( z-a) ) 
S  &  &  t> 


+  (l-i)  exp(- 


P  p 

ivfjz-ia)  xt-,.  ,1\'!   (z-ia) 


.)Ei(^^'^  v^.-^-^M 


v;  a 


T 


+  Re  J^  e"^^^^  (e  ^  +  cos  w  a  _  sin  w'^a)!  (l+iJE 
pS  S        g 


2 
w  z 


.  2 
iv/  z 


(l-i)e   S  ]I 


which  is  again  exactly  same  as  ('4.^).   Since  Ei( ■- ) 

S 

is  an  analytic  function  of  z  in  the  slit  z-plane  for 

ir  >   arg(z-a)  >  -tt,  the  ahove  expression  can  also  be  considered 

as  an  analytic  continuation  of  J  to  the  left  of  Re  z  =  a   in 

the  sector,  and  furnishes  a  solution  for  the  whole  sector 

->.  <0<0,  0<r<co. 
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Appendix  I 

Let  us  assiime  that  both  ^     and  F  can  be  represented  by- 
Laplace  integrals, 

(1.1)  1=   -Re^  fe^'^il^ildC  . 

(1.2)  F(x')  =  Re  ^Je^'^  F(C)dt;,  6=0. 

z' t 
Since  e  ^  is  a  solution  of  the  two-diraensional  Laplace  equa- 

tion,  ^     must  also  be  one.   We  noxv  need  only  to  construct  h(C) 

such  that  the  tv;o  boundary  conditions  in  (2.3)  are  satisfied. 

Substitution  of  (I.l),  (1.2)  In  the  boundary  condition  at  @  =  0 

in  (2.3)  gives 

(1.3)  -Re  2^/  e^  ^  ^^(1  +  i^dC  =  Re  ^/e^' V  ( (;)dC 

P  ^ 

for  e  =  0, 

(I.^)   Im  gi-jTe^'^  h(C)e"'-^  dC  =  0,  for  e  =  -7  . 
P 

We  nay  rewrite  (1-3)  as  follows: 

(1.5)   Im^J^e^'^[  ^i^(C-i)  -  iF*(C)]dC  =  0,    §  =  0. 
F 

To  satisfy  the  condition  (I.5),  it  will  suffice  to  require 
that  h(C)   satisfies 
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(1.6)   Im[  W^   (C-i)  -  iF*(C)]  =0,    for  arg  /;  =  0  . 

Since  P  is  symmetric  to  the  real  axis  in  the  <^-plane,  it  is 
easily  shoim  that  if  (1.6)  holds,  so  does  (I.5).   By  virtue  of 
the  principle  of  reflection,  we  have,  from  (1.6) 


(1.7)    un.  (^.i) .  ,/(o  =  ii^i  (t  H.  i)  +  iF*(o  , 


where  we  assume  that  F  (C)   =  F  [C,).      In  order  to  derive  a 
condition  for  h(C)  from  (!.'+),  v;e  introduce  a  new  variable 
C  =  ^e"*^^  .   It  is  obtained  from  (I.'l)  that 

Ijri  ^^  r       e^'^^h(:':e^  )dc;  =  0,   r'  real. 
p  exo(  -i^  ) 

We  assume  that  the  integral  remains  the  same  if  P  exp(-i7)   is 
rotated  back  to  P  .  Hence  (I.'l)  will  be  satisfied  if 

(1.8)        Im  h(s)   =  0,   for  arg  l,  =  7  . 

By  the  principle  of  reflection.;  we  have 

h(0   =  h(Ce^2^)  . 
Substit\ition  of  the  above  relation  for  h(C)  in  (I.?)  yields 
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(C  -  i)h{0   =  (C  +  i)h(U^^^  )  -^  2iP*(C)  , 

which  is  the  same  functional  relation  as  (2.11)  subjecto  to  the 
condition  (1.8) . 


Appendix -II 
We  consider  the  equation 


(II. 1)       h,(C)  -  h,(C  ei2>)  =  ^^ 


Set 


C  =  n^^""  ,         hg(n^/^)  =  Hgl^i), 


"^^V     ^  ' 7 =   f{Tl), 


then  from  (II.l),  we  have 


Hgtri)  -  HgC-'ie^^")   =  f(n)  • 


Suppose  that   f('n)   is  absolutely  integrable  on  the  infinite 
interval  [0,<»],  and  also  satisfies  Holder's  Condition  for  real 
r\.     v/e  define 


<"-'       Moti'    =5lr/4^ 


where  t)  is  complex.   Then  for  real  "q,  the  Plemelj  formula 
[8]  asserts  that 


MJn)  =^r4ii^  +^f(n)  , 


o^  '     2Tri  J  f,  -  T) 


i.ny. 


or 


(  n.rf 


AX 


r; )  -  ' 


A\ 


kl 


% 


(^e-^)=ik/-f4^  -  i^(n) 


Hence  for  real  y], 


lyn)  -  M^('i-ie^^^)   =  f(Ti) 


Therefore,  from  (II.2), 


o 


furnishes  a  solution  of  (II.l)  when  C  is  real.  However, 
(II. 3)  defines  an  analytic  function  for  0  j<  arg  .;  ^  2y   ,    and 
can  be  analytically  continued  beyond  the  sector  0  ^  arg  i,  ^   2*^ 
as  follows:   Let  us  consider  oaths   L^  and  L,   where  L^  is 

"■  O  i  o 

the  real  axis  in  the  (,-plane  and  L-,   is  the  path  obtained  b/ 

rotating  L.   Counter-cloekivise  by  an  angle  £  6,  where 

7 
0  <  v_  Q  <  2y' .     We  assume  that  no  singularities  of  f  ( O  is 

7 

passed  v;hen  L,  is  rotated  to  L.,  and  f(C)  — >   0  as   C  — ^  °° 

in  the  sector  0  <_  arg  C  ^  2y  .   It  follows  from  Cauchy  Integra; 
formula  that 


1      f    f(e)d^  =  JL  r         f(  Jd^  , 

27ri  ^Lq    >    _    .w /r  27ri  ^L-j_     ^   _   ^vr/y 


i  ft 

v;here  v/e   restrict      C      in     G  <   arg  (;   <   27   .      As      C  -J/   1  <.  I  e      j 
then 


f:-Tr 
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27ri  ^L^     ^_|^|7i77giTrj?/5r  2iri  %^  ^.|  ^  [Tr/^gi^e/y 


1  f(Ur''^^  e^^®/^)    . 
2 


Since 


2Ti  i  -'L  ^   ^    .  ^'fr/7 


defines  an  analytic   function  for     0  _^  arg  C  Jl  ©  +  2y  ,    and  also 
is   equal  to     ^^(C)      when     C   =  3"e      ,    M-,(C)      is   an  analytic   conti- 
nuation of     Mo{C)      in     e  _<   arg   C,   <_  Q  +  2  y  .      For     0  <   0^    i7e 
shift  the  path     L       to     L         clockwise  by  an  angle     Tr/yQ,    and 
make  the   same  assi-iraiDtions   on     f(C)      as  before.      If  we  restrict 
C      in  the   sector     0  •<    arg   il   <   2  j  ,    then 


2:  i  ^  o      ^   _   ^^/r  2Tri  ^        ~~r~P^ 


-1 
As     C  v|/  kl 


__l_r        f(UdC  ,     fdCT^^)     =  J:_    r  f(Ud(; 


Since 


^  -  r  "^ '        2)1  i  y         ^:      pjTr 

■'-'-I  ^D         -         t. 


^3 


defines  an  analytic  function  in  6  <  arg  C  Jf  ©  +  27,  ,  and  also 

equal  to  M  (C)   when  C   is  real,   II  .{O      is  an  analytic  con- 

tinuation  of  M  {'C)     below  the  real  axis.  The  same  process  can 

o 

be  continued  until  Cauchy  integral  formula,  no  longer  holds.  For 
further  continuation,  v/e  can  make  use  of  the  functional  relation 
(II. 1). 

In  the  following,  we  shall  show  that  the  analytic  function 
M(C)  =\    ^V^^^  y,  n  =  0,  +  1,  jf  2,  . .  .  does  satisfy  the  functional 
relation  {II. l).   Without  loss  of  generality,  let  us  assume  that 
0  <  arg  C^   <   2  y  ,    then 


UAQe^^'^)    =     _1_  r  f{i)6i  =_l,r  f{i)di  , 

2v-  i  ^  L^  ._^Tr/7gi2  7r    2<7i  ^  L^   ^.^r/r 

where  the  angle  between  L   and  L,   is  'n/^   0  and 

e  <  arg  C  +  2  7  <  6  +  2  7  .   Now  we  move  L   to  L,  .   Since 

^  =  C   '  is  a  pole  of  the  integrand  in  M  (C):>  we  have 

and  it  follows  that 

M  (r)       ?T  rrpi27^   _  2i^F*(C)    . 


M 


Therefore  h^{l^)      =  M(C)   is  a  solution  of  (II.l)  .  Next  we 
shov/  that  h^(0   satisfies  the  condition 

(11  A)  Iin|  hgCC)  }  =  0  ,   as  arg  C  =  7  • 


Since  Mq(  O  is  analytic  in  0  <_  arg  C,  <^  27  ,  it  suffices  to 
show  that  M  (O  is  real  as  arg  C  =  7  •  The  expression  for 
Mja      is 


o 


as   arg  l,   =     y .      We  recall  that 


.^,C,   =  ^    e.p|i//n(:^-|L,^acf, 


for  V-/2     ^   arg  C  ^  ^/2  , 


anu  ( ^ ''   -i)h,  (s   )   is  real  for  real  'l     as  seen  from  the 

above  expression.   Therefore,  U   (C)   is  real  as  arg  C  =  7  and 

this  shows  that  the  solution  we  have  constructed  for  hplC) 
does  satisfy  the  condition  (II.'I-). 
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